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TUTI

Objectives for Lecture 7: Introduction to Neural Nets

After the lecture you are able to...

... understand and explain what an artificial neuron is
... draw graphical representations of artifical neurons

... update the weights of a neuron using Gradient Descent

... understand and solve simple regression and
classification tasks using a single artificial neuron

... understand how multiple artificial neurons form a neural
network

... explain functional completeness of simple neural
networks

... understand simple multi-layer architectures

... remember and understand basic neural network
vocabulary

Depth of understanding

Remember Understand  Apply Analyze Evaluate Develop
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Estimated daily per capita expenditure, 2012-2015

Nigeria

Tanzania =~ %
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Average daily per capita consumption expenditure ($) 5
Malawi

Using Machine Learning to Map Poverty from Satellite Imagery
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AUTOMATION LEVELS OF AUTONOMOUS CARS

LEVEL 0 LEVEL 1 LEVEL 2

&)

There are no autonomous features. These cars can handle one task at These cars would have at least
a time, like automatic braking. two automated functions.

LEVEL 3 LEVEL 4 LEVEL 5

These cars handle “dynamic driving These cars are officially driverless These cars can operate entirely on
tasks” but might still need intervention. in certain environments. their own without any driver presence.
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What is the similarity between these tasks?
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Telencephalon

Thalamus

Truncus cerebri
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Neural Nets are Universal Approximators:

Input

\ 4

Neural
Net

Output

Explicit In- /
Output Relation

2
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Introduction

Benefit of Neural Nets: .
Often, no explicit In- /

Output Relation is known!

Input R Neural Output

Y
A 4

2
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Benefit of Neural Nets:

Mostly, In-/Outputs can be

v

Input

\ 4

observed

Output

2
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Introduction

Benefit of Neural Nets:
Neural Nets can learn from

observations

Input R Neural Output

Y
A 4

2

> (Supervised) Machine Learning
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Additional Slides

The Universal Approximation Theorem for ANN shows that even relatively simple ANN can
appoximate any analytic function with arbitrary accuracy. Even though the Universal Approximation
Theorem does not proof that the necessary parameters and architectures of the desired ANN can be
found easily or by the means of finite time or input data, countless practical examples prove the
applicability to real life problems.

Since ANN are trained only by input data and expected outputs, they do not require full analytic
knowledge of the physical domains being appoximated, thus making them powerful tools when
analytical solutions are unknown, too complex or not real-time ready as long as inputs and outputs of
the physical system to be modeled can be observed — or in case of outputs, generated manually.

That being said, analytical solutions still ought to be sought whenever possible because they offer
extended insights into the modeled domain as well as a potentially higher numeric accuracy.
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Towards Artificial Neurons

The Simplest Approximation:

y=f(w0-2,b) =) wix; +b=wix1 +wera+ ... + wpry +b

vy 1
T Input Vector o O
W : Weight Vector
b: Bias O
E Output ©
Y - Traiming Data O




Additional Slides

In order to derive the necessary ideas and maths for the understanding of neural networks, which are
proven to be ,universal approximators®, we start by taking a closer look at the simplest form of
mathematical approximation — linear regression without basis functions.

Linear regression can be used to define and introduce a number of important concepts in the context
of deep learning like Weights, Biases, Loss Function, Forward Pass and Gradient Descent.

From linear regression one can then derive more complex forms of regression by introducing
non-linearities into the corresponding models. From this line of thought, the basic model of a Neuron
as it is used in ANN can be derived.



Additional Slides

The idea of linear regression is to find Weights w and Bias b, such that the resulting function
y =f(W-X,b) =Y,w; x; + bapproximates a data set with inputs x € X and Outputs y € Y as
accurately as possible.

- 22



Towards Artificial Neurons

Graphical Representation:

y=f(w0-2,b) =) wix; +b=wix1 +wera+ ... + wpry +b
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Towards Artificial Neurons

Graphical Representation:

y=f(w0-2,b) =) wix; +b=wix1 +wera+ ... + wpry +b
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Towards Artificial Neurons

Graphical Representation — 3 Inputs Example:
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Towards Artificial Neurons

Forward Pass:
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Additional Slides

Since this is an introduction to neural networks, neural network vocabulary is employed. Hence, the
neural network term ,Forward Pass® is used, although it is not a term used in linear regression,
because it refers to the corresponding process in an artificial neuron.

The ,Backward Pass® which is part of the ,Backpropagation® idea will be introduced the next lecture.



Towards Artificial Neurons

Loss Function:

Training Data

0.5
0.1 0.55 ﬁ
b
(e———ws { o) @
l ~
@ o Wy L=3-(y—9)*

L =0.01051125

Loss Function




Towards Artificial Neurons

Optimization Problem:

A

minimizeg ,(L(y, 7))
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Towards Artificial Neurons

Linear Regression Lecture:

Is the cost function quadratic?

no

yes

Are there parameter
constraints?

no

Is the dataset very
large?

no

Is all data available
instantanously?

yes

Analytic Solution Sequential
Analytic Solution

Numeric Iterative
Solution
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Towards Artificial Neurons

Approach:

- Gradient defines steepest ascent (—V L)
- Update weights by a step in the opposite direction (i.e. steepest descent, length «)

- Stop when optimization criterium is met (e.g. loss threshold ¢€) or after N iterations

Em

VL= | Wrew = Wold — ¢ - VL

\ 2% )



Towards Artificial Neurons

Well behaved: Whew = Woid — - VL
4.0
L = w?
3.5
_dL __
VL = dw — 2w 3.0
o = 0.3 2.5
—2.0
woy — 1.8
1.5
e = 0.001
1.0
N - 0.5
0.0
-2.0 -15 -1.0 —-0.5 0.0 0.5 1.0 1.5 2.0
w



Towards Artificial Neurons

Finding the Gradient:

VL =

/

7-34



Towards Artificial Neurons

Finding the Gradient:

VL =

oL __

(S’UJ,,;

dL|
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Towards Artificial Neurons

Finding the Gradient:

O —

('55L\
5L L dL| oy oL __|dL| dy
Sws Sw; — |dyl| dw; ob " |dy| ob
VL= | :
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dw
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Towards Artificial Neurons

Finding the Gradient:

VL =

\ 2% )

O —
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Towards Artificial Neurons

Finding the Gradient:

VL =

\ 5




Towards Artificial Neurons

Numerical Example:

@—.
@ .
@—.

VL =

\

|

oL
5’(1]1 \
0L
5’11]2

L
5w3

%)
ob

Ay - xq
Ay - w9
Ay - x3

- 39



Towards Artificial Neurons

Ay - 11 0.145- 0.1 0.0145
VI Ay - To _ | 0145-1 | _ | 0.145
Ay - x3 0.145-0.3 0.0435
Ay 0.145 0.145
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0.1 0.55
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Numerical Example — One lIteration

- 40



Towards Artificial Neurons

0.0145
0.145 -4
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Numerical Example — One lIteration
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Towards Artificial Neurons

0.0145
0.145 -4
VL = — 0.0435 a = 0.5, Wpew = Woid — 0.5 VL

0.145

Whew = Word — 0.5 - VL

0.55 0.0145 0.55725
0.7 | L o5 | 0145 | _ | 07725
2 | T [ 0.0435 | = | 2.02175
0.5 0.145 0.5725

Numerical Example — One lIteration

- 42



Towards Artificial Neurons

0.55725
o | 07725
Wnew = 1 9 02175
0.5725
0.5725
0.1 0.55725 ,
. I 2.00725 2
o— {5 ofo

0.3 2.02175

Q . L=3-(y—9)>*
x3 'W3

L = 0.00002628125

Numerical Example — One lIteration



Towards Artificial Neurons

Stuck in Local Minimum:

L=w*—w®—Tw? +w+ 20
VL = 4w’ — 3w? — 14w + 1
a = 0.01
wy = —2.8
e = 0.001

N =10

40
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20

10

Whew = Woid — & - VL
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Towards Artificial Neurons

Vanishing Gradient:

L=w’

VL = 3L — 32

dw
a = 0.03
wo = 2
e = 0.001
N =30

Whew = Woid — & - VL
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Towards Artificial Neurons
Oscillating: Whew = Word — 0 - VL

4.0 4.0

2 35 35

L =w ; ’

25 25

. dL - 2.0 2.0

VL—%—2TU , ,

10 10

0.5 0.5

a =1[0.9,0.95,0.99, 1] ; .
-2.0 -15 -1.0 -0.5 CLVU 0.5 10 15 2.0 -2.0 -15 -1.0 -0.5 UWU 0.5 1.0 15 20
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e = 0.001

4.0 4.0
35 \ / 35 \ /
3.0 AN 3.0
/
\

25 25
N pr— 5 420 20
15 15
10 10
05 05
0.0 0.0

-20 -15 -Lo -05 0.0 05 Lo 1s 20 -20 -15 -Lo -05 a0 0s 10 Ls 20

w w
7-46




Towards Artificial Neurons

Jumping out of Minima:

L=w*—w®—Tw? +w+ 20
VL = 4w’ — 3w? — 14w + 1
a = 0.1065

wp = 2.7

e = 0.001

N=35

40
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20

10

Whew = Woid — & - VL
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Towards Artificial Neurons

Wrap Up:
y:g ‘ Uy ;i) 1
O ’ O
O O
O
o O O
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Input Data Abstraction of the Domain
Specific Observations of the Domain Regression

Prediction



Towards Artificial Neurons

Wrap Up:
O
@
r x
Input Data Abstraction of the Domain
Specific Observations of the Domain Regression
Prediction



Towards Artificial Neurons

Introduction of an Activation Function:

A\ 4
X
=

b
Activation Function

v
A

The Neuron




Towards Artificial Neurons

Properties:

One Output
One or many Inputs
Bias b, Weights w

Activation Function f

y:f(ziwi'$i+b)

Activation Function

f

—0

The Neuron




Additional Slides

In order to enable approximation of non-linear domains, the Linear Regression model is augmented
by a non-linear activation function. The resulting model is called an Artificial Neuron and serves as
the base component of an ANN.

Aritificial Neurons can be wired together to form arbitrarily large structures in which arrays of Neurons
of the same hierarchy level are called ,Layers".

Each ANN has an ,Input Layer® where the data is fed into the network, a number of ,Hidden Layers”
made up of artificial Neurons and an ,,Output Layer” which contains the results of the forward pass.



Towards Artificial Neurons

Linear Regression Binary Classification
Identity Binary Step

4 1.0 |
0.8 |
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0.6 |
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-4 -2 0 2 4 -4 -2 0 2 4



Towards Artificial Neurons

Suppose the following Setup:

A 4
N
=

b
Activation Function

—©
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Activation Function
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y >0
€T A X A
2 ° 9) . 2 ° 0 .
@) -
il O ° O ° y<?
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e o © e
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Towards Artificial Neurons

y >0
To A To A
2 @ @) - 2 ® @) =
© ¢ © © y <0
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e o © e
1 1

Step Function




Additional Slides

To derive an Artificial Neuron from the Linear Regression model, an activation function was added. In
order to perform a simple binary classification task with only one artificial neuron, a ,Threshold® or
,otep Function® is used as the activation function. The idea behind this is to generate an output which
is either 1 or O depending on the class an input is coming from.

The problem with the binary step is that gradient descent fails to converge against a reasonable set
of weights, because the derivative of the loss function will be either O or very large through the
introduction of a binary step activation function.
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Step Function Sigmoid

Function
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Towards Artificial Neurons

f_ 1 €Y
 14e Y 14e¥

Continuously Differentiable!

Sigmoid Function

£ 1
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/= g §>0
lo <0

RelLu

5

o

Nl
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Towards Artificial Neurons

f = tanh (g)

tanh

1.00
0.75

0.50

0.25

f 0.00
-0.25
-0.50

-0.75

—1.00

Nl



Towards Artificial Neurons

y > 0.5
€T A T A L
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Towards Artificial Neurons

Input Data:

1.00 A ®
0751 @ ° °
0.50 - ° ° ®
0.25 - °
L2 0.00
—0.25 -
—0.50 -

—0.75 A

—1.00 A

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
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Towards Artificial Neurons

Initialization:

1.00 -
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0.50 -
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° ° *
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®
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Towards Artificial Neurons

After Training:

1.00 - °
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Towards Artificial Neurons

Loss History:

0.35 - Epoch:
0.30 An epoch has passed when all
training vectors have been used
0.25 - once to update the weights.
@
9 0.20 1
0.15 4
0.10 4
0.05
(IZI 2|D 4ID GID BID ltl}{}
Epoch
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Towards Artificial Neurons

Input Data:
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Towards Artificial Neurons

Initialization:
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Towards Artificial Neurons

After Training :
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Towards Artificial Neurons

Activation Function

f

R0

The Neuron

Input Layer

Hidden Layer

Output Layer
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Towards Artificial Neurons

Net Properties:

Loss Function: Mean Squared Error
Activation Function: Sigmoid / Linear

Optimizer: Gradient Descent

Linear Input

Neurons
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Multilayer Networks

Boolean Operators: AND Xy
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Multilayer Networks

Boolean Operators: OR
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Multilayer Networks

Boolean Operators: NAND
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Multilayer Networks

Boolean Operators: XOR

No linear separability
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Multilayer Networks

Boolean Operators: XOR

NAN D>7

\
OR]
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Multilayer Networks

Boolean Operators: XOR

NAND

o)~
Ey

AND
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Multilayer Networks
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Multilayer Networks

Properties:
60.000 handwritten numbers
28x28 pixels
0 to 255 grayscale
Numbers O to 9
Task

Train a classifier that can identify
the handwritten numbers
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Multilayer Networks

Possible Solution:

pixel 1—Q

pixel 2— Q-

pixel 3— Q8

pixel 4 —Q

pixel 5—Q

pixel 6—Q

pixel 7—Q "

pixel 8—Q
pixel 9—Q

pixel 10— Q
pixel 11—Q ==

pixel 12— ==
pixel 13— O =
pixel 14— O -
pixel 15— O =~
pixel 16—
pixel 17— O 7

pixel 18— O

pixel 19— O
pixel 20— C.f

pixel 784 — C.f

LA

'y

XN IR A A AT T I T T T T T T
N s N N e sV s Vi e Ve sV VY,

A AR LS L LSSt at e s

ka'll It |

PHYVrvrvsresss 0000

~
- LXLEXYYXYXY 1)
" t.\‘hv .

AAARRAR LR L

-

k
XXXXX XXX}

FX XX X XX

FITTCCODDD

X x xX X

X

TG00 0000

https://achintavarna.wordpress.com/2017/11/17/keras-tutorial-for-beginners-a-simple-neural-network-to-identify-numbers-mnist-data/

7-85



Multilayer Networks
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Introduction: Artificial Neural Networks
Johannes Betz / Prof. Dr. Markus Lienkamp / Prof. Dr. Boris Lohmann
(Lennart Adenaw, M. Sc.)

Agenda

1. Chapter: Introduction

2. Chapter: Towards Artificial Neurons
2.1 Linear Regression
2.2 Gradient Descent
2.3 The Neuron

3. Chapter: Multilayer Networks
3.1 Functional Completeness
3.2 MINIST Example

4. Chapter: Summary



Summary

What we learned today:
Neural Networks are mathematical tools that can approximate
any mathematical function
Gradient Descent is an approach suitable for weight adjustments
A single Neuron can perform Linear Regression and Binary Classification

Non-Linear, Multiple Classification and Regression is best performed by
Neural Networks

Vocabulary and ldeas



